The orientations of parent grains are evaluated from several variants inherited from the same parent during the body-centred cubic (b.c.c.) to hexagonal close packed (h.c.p.) phase transformation. The proposed calculation, based on orientation correlating and orientation averaging, is particularly useful when the inherited variants are not strictly related to the parent orientation by a strict Burgers orientation relation or when the orientations of the inherited volumes vary slightly at different locations of the variant. This method of parent identi®cation from variant orientations is an improvement of a previously published method.
Introduction
In a previous paper, we proposed a scheme to obtain the parent grain orientation from the inherited variants during the b.c.c. to h.c.p. transformation of materials such as Ti, Zr and many alloys (Humbert et al., 1994) . Some technical aspects of the work and adaptations to allow for errors of experimental orientation determination have been presented in an additional paper (Humbert et al., 1995) . The initial method is well adapted for strict or quasi-strict Burgers orientation relations occurring in speci®c transformations. In many other transformations, notably when diffusion is involved, the Burgers orientation relations are not so strictly observed, as shown by the variation of orientations measured by electron back-scattering diffraction (EBSD) in different locations of the same variant. In this case, the initially proposed method is not the most ef®cient to calculate the parent orientation. For this reason we propose a new approach to obtain the parent orientation from several inherited variants. The number of the variants used in the evaluation of the parent is no longer limited to three as in the ®rst method. This constitutes a real improvement, knowing that, generally, more than three inherited variants can be measured in a former grain, the variants themselves often being characterized by orientation spreads. The proposed method allows the evaluation of the parent orientation with an accuracy that depends on the spread of the measured variant orientations. In this contribution, the theoretical aspects, the development of this approach and examples of a parent-orientation evaluation are presented.
Theoretical aspects of the method
Firstly, some important theoretical aspects are recalled. Details can be found in a previous paper (Humbert et al., 1995) .
Variant calculation
The orientation of a cubic crystal can be characterized by one of the 24 rotations
are the 24 rotations of the cubic symmetry group. The set of these rotations is denoted fg g.
After a complete phase transformation, respecting the Burgers orientation relation 110 bXcXcX jj 0002 hXcXpX Y " 11 " 1 bXcXcX jj 2 " 1 " 10 hXcXpX Y the parent orientation gives rise to a number of new orientations, called crystallographic variants, which are of hexagonal symmetry. The Burgers orientation relation, which can be expressed by rotations Ág (Bunge, 1982) , allows one to calculate the inherited variant orientations. The orientation of a particular variant i can then be characterized by one of the 12 rotations
are the 12 rotations of the hexagonal symmetry group. The knowledge of one of these rotations allows one to calculate the others. The set of these 12 rotations is denoted fg i g.
The relations between the parent and its variants can be sketched as in Fig. 1 .
Owing to the cubic symmetry, 24 hexagonal variants should be obtained. However, taking account of the Burgers orientation relation and the cubic and hexagonal symmetries, it can be easily demonstrated that there are only 12 distinct variants, each of them being characterized by 12 rotations.
Parent calculation
Conversely, the orientation of one unique hexagonal crystal, obtained by the b.c.c. to h.c.p. transformation, can be inherited from different parent cubic orientations (potential cubic parents). As the orientation of a variant is characterized by 12 rotations, E Á g , F F F H i Á g , F F F H 12 Á g , the orientation of the ith potential cubic parent corresponds to the 24 rotations Fig. 2 schematically shows the orientation relations between one hexagonal variant and its potential cubic parent orientations.
Taking the symmetries and the Burgers orientation relation into account leads to six potential cubic parents (see Humbert et al., 1995) . Fig. 3 shows schematically the principle of the determination of the cubic parent from several variants. The parent (characterized by the rotation set fg g) after transformation gives 12 variants (characterized by the rotation sets fg i g). From a geometrical point of view, each of these variants could be inherited from six potential cubic parents. But, since these variants are inherited from one single parent, the orientation of the cubic parent is the orientation fg g, common to each set of potential parent orientations.
Method for determining the parent
The initial method proposed by Humbert et al. (1994) gives the parent orientation by correlating three variants, provided that the variants used do not share the same C axis (Humbert et al., 1995) and the Burgers orientation relations are strictly respected.
However, for many b.c.c. to h.c.p. transformations, the orientation relation between the parent and the inherited variants does not strictly respect the Burgers orientation relations, as is often indicated by a spread of the measured orientations. This spread can be linked either to measurement errors or to orientation variations, from point to point, as a consequence of the transformation conditions. In this case, the use of the strict Burgers orientation does not allow one to ®nd a common orientation belonging to each set of potential parents as represented schematically in Fig. 4 . Nevertheless, it appears that some speci®c orientations (one per set) are close to one another and to the orientation of the cubic parent orientation. Consequently, even if the exact parent orientation cannot be calculated, it is possible to estimate the parent orientation by calculating (for example) the mean values of these speci®c orientations contained in the same neighbourhood.
Thus, the proposed new method consists of ®nding these speci®c neighbouring orientations, then averaging these orientations to obtain an evaluation of the parent orientation.
The details of the method
Any rotation can be represented by Euler angles, a rotation matrix, quaternions, a rotation axis and angle, axial vectors, Rodrigues parameters, etc. (Altmann, 1986) . Rotation products are easily performed by matrix multiplication, whereas the calculation of a mean orientation takes advantage of quaternion operations (Humbert et al., 1996) . Thus, the Orientation relations between a parent crystal and its variants. In this ®gure, each variant orientation is displayed twice.
Figure 2
Orientation relations between a hexagonal variant and its potential parents. In this ®gure, each parent orientation is represented twice.
Figure 3
Principle of the determination of the cubic parent orientation from a limited number of variants. In this ®gure, only three variants are represented.
proposed method abundantly uses these different representations.
Commercial EBSD codes give the orientation of an h.c.p. inherited crystal as one of the rotations E Á g , F F F H i Á g , F F F H 12 Á g . Knowledge of one of these rotations allows one to calculate the others. As explained in x2, six potential cubic parent orientations can be deduced using the Burgers orientation relation and the cubic and hexagonal symmetries. Each potential cubic parent is represented by 24 rotations (knowledge of one of these rotations enables the expression of the others). Each of these 24 rotations can be expressed by a rotation of angle 3 around a speci®c rotation axis n. In the following, each potential cubic parent orientation will be represented by the rotation matrix G, corresponding to the minimal rotation angle and its rotation axis. Thus, the six potential cubic parent orientations of inherited h.c.p. orientation 1 are represented by rotation matrices G 1 1 , G 1 2 , F F F G 1 6 , and for the kth inherited orientation the set of potential parents is represented by G k 1 , G k 2 , F F F G k 6 . One of these rotation matrices, G 1 1 , G 1 2 , F F F G 1 6 , say G 1 S1 , is close to the rotation matrix characterizing the parent orientation. Similarly, each set of rotation matrices deduced from one h.c.p. inherited orientation also contains one rotation matrix G k Sk close to the rotation matrix characterizing the parent orientation. Thus, for p h.c.p. inherited orientations, the method consists of ®nding the p rotation matrices, G 1 S1 , F F F G k Sk , F F F G p Sp , that are the closest to one another.
The distance of two rotation matrices G A and G B can be evaluated by the trace of the matrix product G A Á G À1 B [Trace G A Á G À1 B = 2 cos4 + 1]. In this relation, 4 is the rotation angle around a speci®c rotation axis linking rotations A and B. In our procedure, two orientations are considered to be close to each other when 4 is small, i.e. 4 must be lower than 4 0 , a tolerance angle to be linked to the spread around the Burgers orientation relation.
To ®nd G 1 S1 , F F F G k Sk , F F F G p Sp , we proceed as follows.
(i) The set of rotation matrices G 1 1 , G 1 2 , F F F G 1 6 is considered as the reference set.
(ii) The distance of G 1 1 with all rotation matrices G k j for j running from 1 to 6 and k from 2 to p is calculated with Trace G 1 1 Á G k j À1 . Each time that the relation 4 4 0 is ful®lled, the coincidence number r 1 is incremented by 1 and the corresponding matrix G k j is stored as a matrix close to matrix G 1 1 . (iii) Similarly, the same scheme is performed with G 1 2 , up to G 1 6 .
(iv) After complete calculation, one of the coincidence numbers must be the largest, say r i H = r max . In this case, i H characterizes the largest set of rotation matrices that are close to G 1 i H (several coincidence numbers reaching the largest value indicates either that the chosen tolerance angle 4 0 was too large and must be reduced, or that the choice of variants does not allow solution for the parent orientation).
(v) The parent orientation is evaluated by averaging all the rotation matrices close to G 1 i H , either using quaternions (Humbert et al. 1996; Glez & Driver, 2001) or polar decomposition of matrices (Humbert et al., 1996) .
This method can be adapted to different cases. When in the same inherited h.c.p. volume the orientations differ at different locations, it is possible either to consider the parent orientation set of each measured orientation or to calculate the mean orientation of the inherited volume before applying the general scheme.
Numerical examples 4.1. Evaluation of the parent orientation from variants calculated with small Gaussian variations of the Burgers relation
The orientation of the cubic parent (g ) is assumed to be represented by the Euler angles (10 , 20 , 30 ) and the 12 potential inherited variants have been calculated and listed in Table 1 .
The orientation of one variant is described by a rotation angle 3 0 and a rotation axis n de®ned by a tilt angle 0 and an azimuth angle 0 . Considering that these quantities have Gaussian distributions with a standard deviation of 2 around 3 0 , 0 and 0 , 100 orientations have been calculated by a Monte Carlo process, for ®ve initial variants (1, 2, 6, 11, 12) . The stereographic projection of poles (00.2) and (10.0) of the 100 orientations scattered around variant 1 are displayed in Fig. 5 .
In the present calculation, the reference rotation matrices G 1 1 , G 1 2 , F F F G 1 6 [see step (i) above] correspond to the potential parents of the mean orientation (174.03 , 70.65 , 0.26 ) calculated from 100 orientations of variant 1. This mean orientation obtained, in this case, by the polar decomposition of related matrices, is very close to the strict variant (Table 1) . Thus, the total number p of parent sets used in this case is equal to 1 + (5 Â 100) = 501.
The method applied to these data with a tolerance angle 4 0 of 5 gives the coincidence numbers r 1 = 183, r 2 = 64, r 3 = research papers Figure 4 Principle of the determination of the cubic parent orientation from a limited number of variants when the transformation does not strictly obey the Burgers orientation relations. 64, r 4 = 67, r 5 = 305, and r 6 = 64. Considering the largest of these (r 5 ), the calculation of the mean orientation of the 305 orientations around G 1 5 is performed and gives an accurate evaluation (10.29 , 20.06 , 30.11 ) of the theoretical parent orientation.
4.2.
Evaluation of the orientation of a parent b grain of Zy4 transformed into several a variants Fig. 6(a) outlines the ®ve variants inherited in the phase transformation of a speci®c grain in a Zy4 polycrystal (to obtain this microstructure, an sample of Zy4 was heated to 1273 K at 10 K s À1 , maintained at 1273 K for 10 s, then cooled at 10 K s À1 by helium spray). In Fig. 6(b) , the stereographic projections of the 00.2 and 10.0 poles corresponding to the ®ve variants show the spreads of the orientations. For the calculation of the parent orientation, 354 orientations per variant have been considered. The reference rotation matrices G 1 1 , G 1 2 , F F F G 1 6 have been calculated from the mean orientation of 354 orientations of variant 1. The total number p of parent sets used in this case is equal to 1 + (5 Â 354) = 1771. The orientation of the parent grain is deduced from the orientation set corresponding to r max . In this case, the parent orientation is characterized by the Euler angles (122.91 , 49.88 , 230.27 ) . Using the Burgers orientation relation and the evaluated orientation of the parent grain, the orientations of the 12 theoretical variants have been calculated. The corresponding theoretical (00.2) and (11.0) poles are displayed in Fig. 6(c) . Among them, the theoretical poles of the 5 variants (encircled variants A, C, E, G, H) match very well the poles of the Table 1 The 12 rotations corresponding to the 12 hexagonal variants calculated from (10 , 20 , 30 ) observed variants. The selected variants G and H share the same c axis and are rotated by 10.74 .
Conclusion
A method for determining the orientation of the b.c.c. parent orientation from several variants had previously been proposed for the case in which the orientation relation between parent and variants is strict (Burgers orientation relation). It is based on the strict correlation between three variants. The method proposed in this contribution can be used when the orientation relations are spread around a given orientation relation (here a Burgers orientation relation), provided that the deviations are small. It enables the evaluation of the parent from more than three variants. It can be adapted by averaging orientations measured in inherited volumes, thus allowing the characterization of one orientation per variant from a number of measured orientations.
